
Lecture 1 / MATH 615

Additive and Abelian Categories
Algebraic Topology I | Fall 2026 | August 31 and September 2

1.1 Categories, Zero Objects, and Products

1.1.1 Categories, Functors, and Natural Transformations

Definition 1.1.1. We assume categories are locally small. A category 𝒞 consists of the
following data:
1. A class Ob(𝒞) of objects.
2. For every ordered pair of objects (𝐴, 𝐵), a set Mor𝒞(𝐴, 𝐵) of morphisms with source 𝐴 and

target 𝐵. A member is written 𝑓 ∶ 𝐴 → 𝐵. Source and target are part of the data of a
morphism.

3. For every three objects 𝐴, 𝐵, 𝐶, a composition function

Mor𝒞(𝐵, 𝐶) × Mor𝒞(𝐴, 𝐵) ⟶ Mor𝒞(𝐴, 𝐶), (𝑔, 𝑓) ⟼ 𝑔 ∘ 𝑓.

4. For every object 𝐴, a specified identity morphism id𝐴 ∈ Mor𝒞(𝐴, 𝐴).

The following diagrams are required to commute for every composable triple 𝐴
𝑓
−→ 𝐵

𝑔
−→ 𝐶 ℎ−→ 𝐷

(associativity) and every 𝑓 ∶ 𝐴 → 𝐵 (identity laws):

𝐴 𝐵

𝐶 𝐷

𝑓

𝑔∘𝑓 ℎ∘𝑔

ℎ

𝐴 𝐴

𝐵

id𝐴

𝑓
𝑓

𝐴 𝐵

𝐵.

𝑓

𝑓
id𝐵

A diagram commutes when the composites along paths with the same endpoints agree. A
category is small if its objects also form a set. Rings are unital and modules are right modules
unless specified otherwise. We write Mod𝑅 for right 𝑅-modules and 𝑅Mod for left 𝑅-modules.
For rings 𝐴, 𝐵, we write 𝐴Mod𝐵 for bimodules with commuting left 𝐴- and right 𝐵-actions.
Examples of categories are sets with functions and Mod𝑅 with linear maps.

Definition 1.1.2. A functor 𝐹 ∶ 𝒞 → ℬ assigns an object 𝐹(𝐴) to each object 𝐴 and a function
Mor𝒞(𝐴, 𝐵) → Morℬ(𝐹(𝐴), 𝐹(𝐵)), written 𝑓 ↦ 𝐹(𝑓), to every pair. It preserves identities and
composition: the following diagrams commute.

𝐹(𝐴) 𝐹(𝐵)

𝐹(𝐶)

𝐹(𝑓)

𝐹(𝑔∘𝑓)
𝐹(𝑔) 𝐹(𝐴) 𝐹(𝐴).

𝐹(id𝐴)

id𝐹(𝐴)

It is faithful if each of these functions is injective and full if each is surjective. A full subcate-
gory is obtained by choosing some objects and retaining every morphism between them.

Definition 1.1.3. The opposite category 𝒞op has the same objects and

Mor𝒞op(𝐴, 𝐵) = Mor𝒞(𝐵, 𝐴).
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Composition is reversed. A contravariant functor on 𝒞 means a functor defined on 𝒞op. For
example, Mor𝒞(𝐴, −) is covariant, whereas Mor𝒞(−, 𝐵) is contravariant.
Definition 1.1.4. For functors 𝐹, 𝐺∶ 𝒞 → ℬ, a natural transformation 𝜂 ∶ 𝐹 ⇒ 𝐺 consists of
morphisms 𝜂𝐴 ∶ 𝐹 (𝐴) → 𝐺(𝐴) such that the following square commutes for every 𝑓 ∶ 𝐴 → 𝐵:

𝐹(𝐴) 𝐹(𝐵)

𝐺(𝐴) 𝐺(𝐵).

𝐹(𝑓)

𝜂𝐴 𝜂𝐵

𝐺(𝑓)

A natural isomorphism is a natural transformation whose components are isomorphisms.
For the origins of the language of categories, functors, and natural transformations, see Eilen-
berg and Mac Lane [EM45].

1.1.2 Isomorphisms, Monomorphisms, and Epimorphisms

Definition 1.1.5. A morphism 𝑓 ∶ 𝐴 → 𝐵 is:
1. an isomorphism if there is a morphism 𝑔 ∶ 𝐵 → 𝐴 with 𝑔 ∘ 𝑓 = id𝐴 and 𝑓 ∘ 𝑔 = id𝐵;
2. a monomorphism (or mono) if, for every object 𝑋 and every 𝑔, ℎ∶ 𝑋 → 𝐴, the equality 𝑓 ∘ 𝑔 =

𝑓 ∘ ℎ implies 𝑔 = ℎ;
3. an epimorphism (or epi) if, for every object 𝑌 and every 𝑔, ℎ∶ 𝐵 → 𝑌 , the equality 𝑔 ∘ 𝑓 = ℎ ∘ 𝑓

implies 𝑔 = ℎ.
An inverse, when it exists, is unique: if 𝑔 and ℎ are inverses, then 𝑔 = 𝑔 ∘ (𝑓 ∘ ℎ) = (𝑔 ∘ 𝑓) ∘ ℎ = ℎ.
Every isomorphism is both mono and epi, by cancellation with its inverse. The converse
depends on the category.

Example. In the categoryTop of topological spaces and continuousmaps, let 𝑋 = {0, 1} have
the discrete topology and let 𝑌 = {0, 1} have the indiscrete topology. The identity function
𝑓 ∶ 𝑋 → 𝑌 is continuous and bijective. Cancellation of functions shows that it is both mono
and epi. Its inverse is not continuous, since a singleton is open in 𝑋 but not in 𝑌 . Thus 𝑓 is
not an isomorphism.
In Set, monomorphisms are injections: to test injectivity, use maps from a singleton. Epi-

morphisms are surjections: if 𝑓 ∶ 𝐴 → 𝐵 misses 𝑏 ∈ 𝐵, the zero function 𝐵 → {0, 1} and the
characteristic function of {𝑏} agree after composition with 𝑓 but are distinct. The converse
implications follow by cancellation of functions. Hence a map in Set that is both mono and
epi is bijective and therefore an isomorphism.
The same conclusion holds in Mod𝑅. For a monomorphism 𝑓 ∶ 𝑀 → 𝑁 , compare the inclusion

𝑓−1(0) → 𝑀 with the zero map to see that 𝑓 is injective. For an epimorphism 𝑓, compare the
quotient map 𝑁 → 𝑁/𝑓(𝑀) with the zero map to see that 𝑓 is surjective. The set-theoretic
inverse of a bijective module homomorphism is additive and 𝑅-linear: apply 𝑓 to each required
identity and use injectivity. Thus a morphism that is both mono and epi is an isomorphism.
The same argument applies to left modules.

Proposition 1.1.6. A morphism 𝑓 ∶ 𝐴 → 𝐵 is an isomorphism if and only if, for every object
𝑋, postcomposition induces a bijection

𝑓∗ ∶ Mor𝒞(𝑋, 𝐴) ⟶ Mor𝒞(𝑋, 𝐵).

Proof. An inverse to 𝑓 induces an inverse to each 𝑓∗. Conversely, surjectivity for 𝑋 = 𝐵 gives
𝑔 ∶ 𝐵 → 𝐴 with 𝑓 ∘ 𝑔 = id𝐵. Since 𝑓 ∘ (𝑔 ∘ 𝑓) = 𝑓 = 𝑓 ∘ id𝐴, injectivity for 𝑋 = 𝐴 gives 𝑔 ∘ 𝑓 = id𝐴.
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1.1.3 Zero Objects, Products, and Coproducts

Definition 1.1.7. An object 𝐼 is initial if Mor𝒞(𝐼, 𝑋) is a singleton for every 𝑋. An object 𝑇
is terminal if Mor𝒞(𝑋, 𝑇 ) is a singleton for every 𝑋. A zero object is both initial and terminal
and is usually denoted 0.
Definition 1.1.8. In a category with a zero object, the zero morphism 0𝐴,𝐵 ∶ 𝐴 → 𝐵 is the
unique composite 𝐴 → 0 → 𝐵. It does not depend on the choice of zero object. For 𝑓 ∶ 𝐴 → 𝐵,
𝑔 ∶ 𝑋 → 𝐴, and ℎ∶ 𝐵 → 𝑌 ,

𝑓 ∘ 0𝑋,𝐴 = 0𝑋,𝐵, 0𝐴,𝐵 ∘ 𝑔 = 0𝑋,𝐵, ℎ ∘ 0𝐴,𝐵 = 0𝐴,𝑌 .

We usually write 0 for the zero morphism when its source and target are clear.

Definition 1.1.9. A product of 𝐴1, 𝐴2 is an object 𝑃 with projections 𝜌𝑖 ∶ 𝑃 → 𝐴𝑖 such that for
every 𝑋 and 𝑓𝑖 ∶ 𝑋 → 𝐴𝑖, there is a unique 𝑓 ∶ 𝑋 → 𝑃 making the left diagram commute. Dually,
a coproduct is an object 𝑆 with inclusions 𝜄𝑖 ∶ 𝐴𝑖 → 𝑆 such that for every 𝑌 and 𝑔𝑖 ∶ 𝐴𝑖 → 𝑌 ,
there is a unique 𝑔 ∶ 𝑆 → 𝑌 making the right diagram commute:

𝑋

𝐴1 𝑃 𝐴2

𝑓1 𝑓
𝑓2

𝜌1 𝜌2

𝐴1 𝑆 𝐴2

𝑌

𝜄1

𝑔1
𝑔

𝜄2

𝑔2

Equivalently, the projections induce a bijection Mor𝒞(𝑋, 𝑃 ) → Mor𝒞(𝑋, 𝐴1) × Mor𝒞(𝑋, 𝐴2) for
every 𝑋; the coproduct has the dual property.
Finite products include the empty product, a terminal object; finite coproducts include the
empty coproduct, an initial object. Universal properties determine these objects up to unique
isomorphism compatible with their structure maps.

1.2 Additive and Abelian Categories

1.2.1 Biproducts and Additive Categories
When the meaning is clear, we may write 𝑓𝑔 for the composite 𝑓 ∘ 𝑔.
Definition 1.2.1. In a category with zero morphisms, a biproduct 𝐴1 ⊕ 𝐴2 is an object e-
quipped with inclusions 𝜄𝑖 ∶ 𝐴𝑖 → 𝐴1 ⊕ 𝐴2 and projections 𝜌𝑖 ∶ 𝐴1 ⊕ 𝐴2 → 𝐴𝑖 such that the projec-
tions exhibit a product, the inclusions exhibit a coproduct, and

𝜌𝑖𝜄𝑗 = {id𝐴𝑖
𝑖 = 𝑗,

0 𝑖 ≠ 𝑗.

A category is semiadditive if it has a zero object and all binary biproducts, hence all finite
biproducts.

Theorem 1.2.2. In a semiadditive category, each Mor𝒞(𝐴, 𝐵) has a canonical commutative
monoid structure. Its identity is the zero morphism, and composition preserves addition and
zero in each variable.
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Proof. The diagonal Δ𝐴 ∶ 𝐴 → 𝐴 ⊕ 𝐴 and codiagonal ∇𝐵 ∶ 𝐵 ⊕ 𝐵 → 𝐵 are the unique maps
making these diagrams commute for 𝑖 = 1, 2:

𝐴 𝐴 ⊕ 𝐴

𝐴

Δ𝐴

id𝐴
𝜌𝑖

𝐵 𝐵 ⊕ 𝐵

𝐵.

𝜄𝑖

id𝐵
∇𝐵

Given 𝑓, 𝑔 ∶ 𝐴 → 𝐵, let Σ𝑓,𝑔 ∶ 𝐴 ⊕ 𝐴 → 𝐵 be the unique map whose restrictions to the two sum-
mands are 𝑓, 𝑔. Define

𝑓 + 𝑔 = Σ𝑓,𝑔Δ𝐴 = ∇𝐵(𝑓 ⊕ 𝑔)Δ𝐴,
where 𝑓 ⊕ 𝑔 is uniquely specified by its diagonal components 𝑓, 𝑔 and its two zero off-diagonal
components.
If 𝑔 = 0, then Σ𝑓,𝑔 = 𝑓𝜌1, so 𝑓 + 0 = 𝑓; similarly 0 + 𝑓 = 𝑓. Interchanging the summands fixes

Δ𝐴 and exchanges the restrictions of Σ𝑓,𝑔, proving commutativity.
Let Δ(3)

𝐴 ∶ 𝐴 → 𝐴 ⊕ 𝐴 ⊕ 𝐴 have all three components id𝐴, and let Σ𝑓,𝑔,ℎ ∶ 𝐴 ⊕ 𝐴 ⊕ 𝐴 → 𝐵 have
restrictions 𝑓, 𝑔, ℎ. Comparing components and restrictions shows that both (𝑓 + 𝑔) + ℎ and
𝑓 + (𝑔 + ℎ) equal Σ𝑓,𝑔,ℎΔ(3)

𝐴 .
For 𝑘 ∶ 𝐵 → 𝐷, the restrictions of 𝑘Σ𝑓,𝑔 are 𝑘𝑓, 𝑘𝑔, so 𝑘(𝑓 + 𝑔) = 𝑘𝑓 + 𝑘𝑔. For 𝛼∶ 𝑋 → 𝐴, the

restrictions of Σ𝑓,𝑔(𝛼⊕𝛼) are 𝑓𝛼, 𝑔𝛼, and Δ𝐴𝛼 = (𝛼⊕𝛼)Δ𝑋; hence (𝑓 +𝑔)𝛼 = 𝑓𝛼+𝑔𝛼. Composing
a zero morphism with any morphism is zero.

Proposition 1.2.3. In a semiadditive category,

𝜄1𝜌1 + 𝜄2𝜌2 = id𝐴1⊕𝐴2
.

More generally a morphism 𝑓 ∶ ⨁𝑗 𝐴𝑗 → ⨁𝑖 𝐵𝑖 is uniquely determined by its entries 𝑓𝑖𝑗 = 𝜌𝑖𝑓𝜄𝑗,
and

𝑓 = ∑
𝑖,𝑗

𝜄𝑖𝑓𝑖𝑗𝜌𝑗, (𝑔𝑓)𝑘𝑗 = ∑
𝑖

𝑔𝑘𝑖𝑓𝑖𝑗.

Proof. Composing the first asserted identity with either projection gives the corresponding
projection, so it follows from uniqueness for products. Apply this identity to the source and
target of 𝑓, then use bilinearity and 𝜌𝑖𝜄𝑗 = 𝛿𝑖𝑗 to obtain both formulas.

Definition 1.2.4. A category is preadditive if every morphism set is equipped with an a-
belian group structure and composition is bilinear. It is additive if it is preadditive and has
finite biproducts. Equivalently, it is semiadditive and all its canonical morphism monoids are
groups.
The structures agree: the map Σ𝑓,𝑔 used above is 𝑓𝜌1 + 𝑔𝜌2, so Σ𝑓,𝑔Δ𝐴 = 𝑓 + 𝑔 also for the given
addition.

Definition 1.2.5. A functor 𝐹 ∶ 𝒜 → ℬ between preadditive categories is additive if every
induced map on morphism groups is a group homomorphism. In particular, 𝐹(0) = 0 on
morphisms and 𝐹(𝑓 + 𝑔) = 𝐹(𝑓) + 𝐹(𝑔).
Between additive categories, an additive functor preserves finite biproducts, because it p-
reserves the biproduct identities. Conversely, a functor preserving finite products or finite
coproducts preserves zero objects and the biproduct structure, and hence the formula defin-
ing addition in Theorem 1.2.2. Thus it is additive. The functors Mor𝒜(𝑀, −)∶ 𝒜 → Ab and
Mor𝒜(−, 𝑁)∶ 𝒜op → Ab are additive.
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1.2.2 Kernels, Cokernels, and Abelian Categories

Definition 1.2.6. In a category with zero morphisms, a kernel of 𝑓 ∶ 𝐴 → 𝐵 is a morphism
𝜅∶ 𝐾 → 𝐴 such that 𝑓𝜅 = 0 and, for every 𝑔 ∶ 𝑋 → 𝐴 with 𝑓𝑔 = 0, there is a unique ℎ∶ 𝑋 → 𝐾
with 𝜅ℎ = 𝑔.
A cokernel of 𝑓 is a morphism 𝑞 ∶ 𝐵 → 𝑄 such that 𝑞𝑓 = 0 and, for every 𝑔 ∶ 𝐵 → 𝑌 with 𝑔𝑓 = 0,

there is a unique ℎ∶ 𝑄 → 𝑌 with ℎ𝑞 = 𝑔.
We also write ker 𝑓 = 𝐾 and coker 𝑓 = 𝑄 for the corresponding objects. For modules, 𝐾 =
𝑓−1(0) and 𝑄 = 𝐵/𝑓(𝐴).
Lemma 1.2.7. Kernels aremonomorphisms and cokernels are epimorphisms. In an additive
category, 𝑓 is mono if and only if 𝑓𝑢 = 0 implies 𝑢 = 0 for all 𝑢 with target 𝐴. Dually, 𝑓 is epi
if and only if 𝑢𝑓 = 0 implies 𝑢 = 0 for all 𝑢 with source 𝐵. If a kernel of 𝑓 exists, 𝑓 is mono
precisely when its kernel object is a zero object; dually for epis and cokernels.
Proof. If 𝑘𝑣 = 𝑘𝑤 for a kernel 𝑘 of 𝑓, both 𝑣, 𝑤 are factorizations of the same morphism
through 𝑘, so uniqueness gives 𝑣 = 𝑤. The cokernel assertion is dual. In an additive category,
𝑓𝑢 = 𝑓𝑣 is equivalent to 𝑓(𝑢−𝑣) = 0. This proves the cancellation criterion. If the kernel object
is a zero object, every morphism whose composite with 𝑓 is the zero morphism is itself the
zero morphism. Conversely, if 𝑓 is mono, 𝑓𝑘 = 0 forces 𝑘 = 0; since 𝑘 is mono, 𝑘 id𝐾 = 𝑘0𝐾,𝐾
forces id𝐾 = 0𝐾,𝐾, which makes 𝐾 a zero object.

Definition 1.2.8. A category 𝒜 is abelian if:
1. 𝒜 is additive;
2. every morphism has a kernel and a cokernel;
3. Every monomorphism is a kernel and every epimorphism is a cokernel.
The definition is self-dual. Examples are Ab, Mod𝑅, and finite-dimensional vector spaces.
For a parallel categorical treatment of kernels, cokernels, and abelian categories, see Mac
Lane [ML98, Chapter VIII, §§1–3, pp. 191–201].

1.2.3 Normal Morphisms and Pullbacks

Lemma 1.2.9. In an abelian category, every mono is a kernel of its own cokernel, and every
epi is a cokernel of its own kernel.
Proof. Let 𝑚∶ 𝑀 → 𝐵 be mono, so 𝑚 is a kernel of some 𝑔 ∶ 𝐵 → 𝐷. Let 𝑐 ∶ 𝐵 → 𝑄 be a cokernel
of 𝑚. Since 𝑔𝑚 = 0, write 𝑔 = 𝑡𝑐. If 𝑐𝑢 = 0, then 𝑔𝑢 = 𝑡𝑐𝑢 = 0, so 𝑢 factors uniquely through 𝑚.
This proves that 𝑚 is a kernel of 𝑐. Reverse arrows for the epi statement.

Proposition 1.2.10. A morphism in an abelian category that is both mono and epi is an
isomorphism.
Proof. If 𝑓 ∶ 𝐴 → 𝐵 is mono, it is a kernel of some 𝑔 ∶ 𝐵 → 𝐷. Since 𝑔𝑓 = 0 and 𝑓 is epi, 𝑔 = 0.
The kernel property applied to id𝐵 gives 𝑠∶ 𝐵 → 𝐴 with 𝑓𝑠 = id𝐵. Monicity and 𝑓(𝑠𝑓) = 𝑓 then
give 𝑠𝑓 = id𝐴.

Lemma 1.2.11. If 𝑒∶ 𝐸 → 𝐵 is epi and 𝑡 ∶ 𝑋 → 𝐵 is any morphism in an abelian category, their
pullback exists and its projection 𝑝 ∶ 𝑃 → 𝑋 is epi.
Proof. Put 𝛼 = 𝑒𝜌1 − 𝑡𝜌2 ∶ 𝐸 ⊕ 𝑋 → 𝐵, and let 𝜅 ∶ 𝑃 → 𝐸 ⊕ 𝑋 be its kernel. Set 𝜌𝐸 = 𝜌1𝜅 and
𝑝 = 𝜌2𝜅. Then 𝑒𝜌𝐸 = 𝑡𝑝. For morphisms 𝑓 ∶ 𝑌 → 𝐸 and 𝑔 ∶ 𝑌 → 𝑋, let ℎ ∶ 𝑌 → 𝐸 ⊕ 𝑋 be the unique
map with components 𝑓, 𝑔. The equality 𝑒𝑓 = 𝑡𝑔 is equivalent to 𝛼ℎ = 0, so the kernel property
gives a unique 𝑌 → 𝑃 inducing 𝑓, 𝑔. This is the pullback universal property.
The map 𝛼 is epi since 𝛼𝜄1 = 𝑒. By Lemma 1.2.9, it is a cokernel of 𝜅. If 𝛽 ∶ 𝑋 → 𝑌 satisfies
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𝛽𝑝 = 0, then 𝛽𝜌2𝜅 = 0, so there is 𝛾 ∶ 𝐵 → 𝑌 with 𝛽𝜌2 = 𝛾𝛼. Restricting to 𝐸 gives 𝛾𝑒 = 0, whence
𝛾 = 0. Restricting to 𝑋 now gives 𝛽 = 0. The epi criterion in Lemma 1.2.7 proves that 𝑝 is
epi.

1.2.4 Coimage, Image, and the Comparison Isomorphism

Definition 1.2.12. For 𝑓 ∶ 𝐴 → 𝐵, choose its kernel 𝑘 ∶ 𝐾 → 𝐴 and cokernel 𝑐 ∶ 𝐵 → 𝑄. Define
the coimage and image together with their structure maps by

𝑚∶ im 𝑓 = ker 𝑐 ⟶ 𝐵, 𝑞 ∶ 𝐴 ⟶ coim 𝑓 = coker 𝑘.

There is a unique morphism 𝑓 ∶ coim 𝑓 → im 𝑓 such that 𝑓 = 𝑚𝑓𝑞:

𝐴 𝐵

coim 𝑓 im 𝑓.

𝑓

𝑞

𝑓

𝑚

Indeed, 𝑐𝑓 = 0 first gives a unique 𝑢∶ 𝐴 → im 𝑓 with 𝑚𝑢 = 𝑓. Then 𝑚𝑢𝑘 = 𝑓𝑘 = 0 and monicity
of 𝑚 give 𝑢𝑘 = 0, so 𝑢 factors uniquely through 𝑞.
Theorem 1.2.13. In an abelian category the canonical morphism 𝑓 ∶ coim 𝑓 → im 𝑓 is an iso-
morphism. In particular, every morphism factors as an epimorphism followed by a monomor-
phism.
Proof. We first prove that 𝑓 is mono. Let 𝑗 ∶ 𝐿 → coim 𝑓 be its kernel, and form the pullback

𝑃 𝐴

𝐿 coim 𝑓.

𝛼

𝑝 𝑞

𝑗

The projection 𝑝 is epi by Lemma 1.2.11. Since 𝑞𝛼 = 𝑗𝑝 and 𝑓𝑗 = 0,

𝑓𝛼 = 𝑚𝑓𝑞𝛼 = 𝑚𝑓𝑗𝑝 = 0.

By the kernel property of 𝑘, write 𝛼 = 𝑘𝛽. Then 𝑗𝑝 = 𝑞𝛼 = 𝑞𝑘𝛽 = 0. Since 𝑝 is epi, 𝑗 = 0. Because
𝑗 is mono, its domain 𝐿 is a zero object. Thus 𝑓 has zero kernel and is mono.
Apply this same argument in 𝒜op. The coimage of the reversed morphism 𝑓op is the image

of 𝑓, its image is the coimage of 𝑓, and its comparison is the reversed arrow 𝑓. The argument
proves this reversed arrow mono, which says precisely that 𝑓 is epi in 𝒜. Proposition 1.2.10
now makes 𝑓 an isomorphism. Hence 𝑓 = 𝑚(𝑓𝑞) is an epi followed by a mono.

For modules, coim 𝑓 = 𝐴/ker 𝑓, im 𝑓 = 𝑓(𝐴) ⊆ 𝐵, and 𝑓(𝑎 + ker 𝑓) = 𝑓(𝑎).

1.3 Exact Sequences and Chain Complexes
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1.3.1 Exact Sequences, Complexes, and Homology

Definition 1.3.1. For 𝐴
𝑓
−→ 𝐵

𝑔
−→ 𝐶 with 𝑔𝑓 = 0, there is a canonical morphism im 𝑓 → ker 𝑔

compatible with their inclusions into 𝐵. The pair is exact at 𝐵 if this map is an isomorphism.
A sequence is exact if it is exact at each object where two adjacent maps are specified. A
short exact sequence is an exact sequence

0 ⟶ 𝐴
𝑓
−→ 𝐵

𝑔
−→ 𝐶 ⟶ 0.

Equivalently, 𝑓 is a kernel of 𝑔 and 𝑔 is a cokernel of 𝑓.
Definition 1.3.2. An additive functor is left exact if it preserves kernels, right exact if it
preserves cokernels, and exact if it preserves short exact sequences.

Definition 1.3.3. A chain complex 𝐴• in an abelian category consists of objects 𝐴𝑛, 𝑛 ∈ ℤ,
and differentials 𝜕𝐴

𝑛 ∶ 𝐴𝑛 → 𝐴𝑛−1 satisfying 𝜕𝐴
𝑛−1𝜕𝐴

𝑛 = 0. A chain map 𝑓 ∶ 𝐴• → 𝐵• consists of maps
𝑓𝑛 ∶ 𝐴𝑛 → 𝐵𝑛 making the following squares commute:

𝐴𝑛 𝐴𝑛−1

𝐵𝑛 𝐵𝑛−1

𝜕𝐴
𝑛

𝑓𝑛 𝑓𝑛−1

𝜕𝐵
𝑛

(𝑛 ∈ ℤ).

Composition and identities are defined degreewise; the resulting category is denoted Ch(𝒜).
Definition 1.3.4. The cycle object is 𝑍𝑛(𝐴) = ker 𝜕𝐴

𝑛 , and the boundary object is 𝐵𝑛(𝐴) =
im 𝜕𝐴

𝑛+1. The equation 𝜕𝐴
𝑛 𝜕𝐴

𝑛+1 = 0 gives a canonical mono 𝐵𝑛(𝐴) → 𝑍𝑛(𝐴). Define
H𝑛(𝐴) = coker(𝐵𝑛(𝐴) ⟶ 𝑍𝑛(𝐴)).

A chain map induces maps on cycles and boundaries by their universal properties and there-
fore induces H𝑛(𝑓) ∶ H𝑛(𝐴) → H𝑛(𝐵). The category Ch(𝒜) is abelian, with kernels and cok-
ernels computed degreewise; the induced differentials exist uniquely by the corresponding
universal properties. A complex is acyclic if every H𝑛(𝐴) is zero, equivalently if its underlying
sequence is exact in every degree.

1.3.2 Chain Homotopies

Definition 1.3.5. For chain maps 𝑓, 𝑔 ∶ 𝐴• → 𝐵•, a chain homotopy from 𝑔 to 𝑓 is a family
ℎ𝑛 ∶ 𝐴𝑛 → 𝐵𝑛+1 such that

𝑓𝑛 − 𝑔𝑛 = 𝜕𝐵
𝑛+1ℎ𝑛 + ℎ𝑛−1𝜕𝐴

𝑛 (𝑛 ∈ ℤ).
A complex is contractible if its identity chain map is chain homotopic to zero.

Proposition 1.3.6. Chain-homotopic maps induce the same maps on homology. In particu-
lar every contractible complex is acyclic.
Proof. Let 𝑧 ∶ 𝑍𝑛(𝐴) → 𝐴𝑛 be the kernel inclusion. Since 𝜕𝐴

𝑛 𝑧 = 0, the homotopy identity
restricts to (𝑓𝑛 − 𝑔𝑛)𝑧 = 𝜕𝐵

𝑛+1ℎ𝑛𝑧. This factors through 𝐵𝑛(𝐵) and becomes zero in H𝑛(𝐵). Thus
H𝑛(𝑓) = H𝑛(𝑔). If 𝑓 = id𝐴 and 𝑔 = 0, the identity of H𝑛(𝐴) is zero, so H𝑛(𝐴) is a zero object.

The converse fails for modules over a general ring. The exact complex of abelian groups

0 ⟶ ℤ 2−→ ℤ ⟶ ℤ/2 ⟶ 0
(in degrees 2, 1, 0) is not contractible: a contracting homotopy in degree 0 would give a section
ℤ/2 → ℤ of the quotient map, which is impossible. Over a field, every acyclic complex is
contractible after choosing splittings of its short exact sequences of cycles.
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