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3.1 Resolutions and Derived Functors

3.1.1 Projective and Injective Modules
The tensor-product construction in Lecture 2, Section 2.3, computes degree zero. To measure
the exactness lost by tensoring, we extend a presentation to an exact sequence. The construc-
tions in this section work for right modules over any ring; we continue with commutative 𝑅
until Section 3.3.

Definition 3.1.1. Let 𝒜 be an abelian category. An object 𝑃 ∈ 𝒜 is projective if for every
epimorphism 𝑞 ∶ 𝐸 → 𝐿 in 𝒜 and morphism 𝑓 ∶ 𝑃 → 𝐿, there exists a morphism ̃𝑓 ∶ 𝑃 → 𝐸 such
that 𝑞 ∘ ̃𝑓 = 𝑓. A right 𝑅-module is projective if it is a projective object of the abelian category
of right 𝑅-modules.

Definition 3.1.2. Let 𝒜 be an abelian category. An object 𝐼 ∈ 𝒜 is injective if for every
monomorphism 𝑗 ∶ 𝐴 → 𝐵 in 𝒜 and morphism 𝑓 ∶ 𝐴 → 𝐼, there exists a morphism ̃𝑓 ∶ 𝐵 → 𝐼 such
that ̃𝑓 ∘ 𝑗 = 𝑓. A right 𝑅-module is injective if it is an injective object of the abelian category
of right 𝑅-modules.

Remark 3.1.3. The projectivity condition is equivalent to exactness of Mor𝒜(𝑃 , −); injectiv-
ity is equivalent to exactness of Mor𝒜(−, 𝐼) ∶ 𝒜op → Ab. In each case the lifting property gives
the required surjection, while exactness at the other terms follows from the kernel or coker-
nel universal property. Free modules are projective: lift the images of their basis elements.
A projective module is a direct summand of a free module because a free surjection onto it
splits. Conversely, a direct summand of a free module has the lifting property.

Definition 3.1.4. An abelian category 𝒜 has enough projectives if for every 𝑀 ∈ 𝒜 there
exist a projective object 𝑃 ∈ 𝒜 and an epimorphism 𝑃 → 𝑀 . It has enough injectives if for
every 𝑀 ∈ 𝒜 there exist an injective object 𝐼 ∈ 𝒜 and a monomorphism 𝑀 → 𝐼.
Module categories have both properties. Free modules supply enough projectives; the fol-
lowing construction supplies enough injectives.

Proposition 3.1.5. Every right module over a unital ring embeds in an injective right mod-
ule.
Proof. First, a divisible abelian group 𝐷 is injective. Given a map from a subgroup 𝐴 of an
abelian group 𝐵, use Zorn’s lemma to choose a maximal extension to a subgroup 𝐶. If 𝑏 ∉ 𝐶,
the set of integers 𝑛 with 𝑛𝑏 ∈ 𝐶 is an ideal. If it is zero, choose any image of 𝑏. Otherwise it
is 𝑑ℤ for 𝑑 > 0; choose 𝑎 ∈ 𝐷 with 𝑑𝑎 = 𝑓(𝑑𝑏) and set 𝑓(𝑐 + 𝑛𝑏) = 𝑓(𝑐) + 𝑛𝑎. The ideal description
proves this is well defined. Both cases extend the map to 𝐶 + ℤ𝑏, contradicting maximality.
Hence 𝐶 = 𝐵.
The group ℚ/ℤ is divisible, and its characters separate points of any abelian group 𝑀 : a

nonzero element has a cyclic subgroup admitting a character nonzero on that element, which
extends by injectivity. Therefore 𝑀 embeds by evaluation into 𝐷 = (ℚ/ℤ)MorAb(𝑀,ℚ/ℤ). This
product is injective because each component of a map extends.
For a right 𝑅-module 𝑀 , take such an embedding 𝑗 ∶ 𝑀 ↪ 𝐷 of underlying abelian groups.
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Put 𝐸 = MorAb(𝑅, 𝐷) and define (𝜙𝑟)(𝑠) = 𝜙(𝑟𝑠). The bijection

MorMod𝑅
(𝑋, 𝐸) ≅ MorAb(𝑋, 𝐷)

sends 𝑓 ∶ 𝑋 → 𝐸 to the map 𝑋 → 𝐷 whose value at 𝑎 is 𝑓(𝑎)(1). Its inverse sends 𝑔 ∶ 𝑋 → 𝐷
to the map 𝑋 → 𝐸 whose value at 𝑎 is the homomorphism 𝑅 → 𝐷 given by 𝑠 ↦ 𝑔(𝑎𝑠). Since
forgetting the 𝑅-action is exact and 𝐷 is injective, 𝐸 is injective. The map 𝑀 → 𝐸 given by
the formula 𝑚 ↦ 𝜙𝑚, where 𝜙𝑚 ∶ 𝑅 → 𝐷 is given by 𝜙𝑚(𝑠) = 𝑗(𝑚𝑠) is 𝑅-linear and injective, as
evaluation at 1 recovers 𝑗.
Example 3.1.6. The abelian group ℤ is free and therefore projective. It is not injective: the
map 2ℤ → ℤ sending 2 to 1 cannot extend to ℤ. Both ℚ and ℚ/ℤ are injective by divisibility. The
nonzero group ℚ/ℤ is not projective: projective abelian groups are summands of free abelian
groups and hence torsion-free, whereas ℚ/ℤ is torsion. Thus

0 ⟶ ℤ ⟶ ℚ ⟶ ℚ/ℤ ⟶ 0

is an injective resolution of ℤ, with ℚ in cochain degree zero.

3.1.2 Projective Resolutions and Their Comparison

Definition 3.1.7. A projective resolution of 𝑀 is an exact augmented sequence

⋯ ⟶ 𝑃2
𝜕2−→ 𝑃1

𝜕1−→ 𝑃0
𝜖−→ 𝑀 ⟶ 0 (9)

with every 𝑃𝑖 projective. The associated chain complex 𝑃• has 𝑃𝑖 = 0 for 𝑖 < 0, differential
𝜕0 = 0, H0(𝑃•) ≅ 𝑀 , and H𝑖(𝑃•) = 0 for 𝑖 > 0. The augmentation is not part of the unaugmented
complex.
Every module has a free resolution. Choose a free surjection 𝑃0 → 𝑀 ; choose a free surjection
𝑃1 → ker 𝜖; choose a free surjection 𝑃2 → ker 𝜕1; and continue. The successive kernels are
called syzygies. For a completely general choice, use a free module on the underlying set of
each kernel. The process may require infinite rank and may continue indefinitely.

Remark 3.1.8. A presentation supplies 𝜕1 ∶ 𝑃1 → 𝑃0, but does not assert that 𝜕1 is injective.
To compute degree-one derived functors one generally also needs 𝜕2, which records the re-
lations among the original relations. To compute degree 𝑖, one needs the resolution through
𝑃𝑖+1 → 𝑃𝑖 → 𝑃𝑖−1.

Theorem 3.1.9. Let 𝑃• → 𝑀 and 𝑄• → 𝐿 be projective resolutions. Every map 𝑓 ∶ 𝑀 → 𝐿
lifts to a chain map ̃𝑓 ∶ 𝑃• → 𝑄•. Any two lifts of the same 𝑓 are chain homotopic. In particular,
any two projective resolutions of 𝑀 are chain homotopy equivalent by maps lifting id𝑀 .
Proof. Lift 𝑓𝜖𝑃 through 𝑄0 ↠ 𝐿 using projectivity of 𝑃0. Having constructed the lift through
degree 𝑛−1, the map ̃𝑓𝑛−1𝜕𝑛 lands in the kernel of the next differential (or of the augmentation
when 𝑛 = 1). Exactness identifies this kernel with the image of 𝑄𝑛. Projectivity of 𝑃𝑛 gives ̃𝑓𝑛.
For two lifts 𝛼, 𝛽, construct 𝛾𝑛 ∶ 𝑃𝑛 → 𝑄𝑛+1 satisfying

𝛼𝑛 − 𝛽𝑛 = 𝜕𝑄
𝑛+1𝛾𝑛 + 𝛾𝑛−1𝜕𝑃

𝑛 , 𝛾−1 = 0.

In degree zero, 𝛼0 − 𝛽0 is killed by the augmentation, so lift it through 𝜕𝑄
1 . Inductively, the

chain-map identities and the formula already established in degree 𝑛 − 1 show that

𝜕𝑄
𝑛 (𝛼𝑛 − 𝛽𝑛 − 𝛾𝑛−1𝜕𝑃

𝑛 ) = 0.
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Exactness and projectivity give the required 𝛾𝑛. Finally, lifts of id𝑀 in both directions have
composites homotopic to the appropriate identities, by the uniqueness statement.

Theorem 3.1.10. Let 𝑅 be a principal ideal domain. Every submodule of a free 𝑅-module
is free, with no restriction on the rank.
Proof. Well-order a basis (𝑒𝛼)𝛼<𝜅 of 𝐹 and, for 𝑁 ⊆ 𝐹 , put 𝐹𝛽 = ⨁𝛼<𝛽 𝑅𝑒𝛼 and 𝑁𝛽 = 𝑁 ∩𝐹𝛽. The
𝑒𝛼-coordinate map identifies 𝑁𝛼+1/𝑁𝛼 with an ideal 𝐼𝛼 ⊆ 𝑅. If 𝐼𝛼 = (𝑎𝛼) ≠ 0, choose 𝑥𝛼 ∈ 𝑁𝛼+1
with coordinate 𝑎𝛼. Subtracting multiples of 𝑥𝛼 shows 𝑁𝛼+1 = 𝑁𝛼 ⊕ 𝑅𝑥𝛼: the sum is direct
because 𝑟𝑎𝛼 = 0 implies 𝑟 = 0. If 𝐼𝛼 = 0, then 𝑁𝛼+1 = 𝑁𝛼. At a limit ordinal 𝜆, 𝑁𝜆 = ⋃𝛽<𝜆 𝑁𝛽,
since every vector has finite support. Transfinite induction therefore gives

𝑁𝛽 = ⨁
𝛼<𝛽
𝐼𝛼≠0

𝑅𝑥𝛼.

Indeed the successor step is the displayed direct-sum decomposition; at a limit, every vector
and every finite linear relation already occur at an earlier stage. Taking 𝛽 = 𝜅 gives the
required basis of 𝑁 .

Corollary 3.1.11. Every module 𝑀 over a principal ideal domain admits a free resolution
0 → 𝑃1 → 𝑃0 → 𝑀 → 0, allowing arbitrary ranks.
Proof. Take a free surjection 𝑃0 → 𝑀 . Its kernel 𝑃1 is free by Theorem 3.1.10.

3.1.3 Left and Right Derived Functors
Let 𝒜, ℬ be abelian categories and let all functors in this subsection be additive. The con-
structions apply to objects of 𝒜; complexes of objects require a further construction. The
construction by resolutions is developed further in Weibel [Wei94, Chapter 2, pp. 30–65].

Definition 3.1.12. Let 𝒜 be an abelian category and 𝑀 ∈ 𝒜. An injective resolution of 𝑀 is
an exact sequence 0 → 𝑀 → 𝐼0 → 𝐼1 → ⋯ in which every 𝐼𝑞 is injective. Its associated cochain
complex 𝐼• has 𝐼𝑞 = 0 for 𝑞 < 0; the augmentation 𝑀 → 𝐼0 is not part of this complex.

Definition 3.1.13. If 𝒜 has enough projectives and 𝐹 ∶ 𝒜 → ℬ is right exact, choose a
projective resolution 𝑃• → 𝑀 and set

L𝑛𝐹(𝑀) = H𝑛(𝐹(𝑃•)), 𝑛 ≥ 0.

If 𝒜 has enough injectives and 𝐺 ∶ 𝒜 → ℬ is left exact, construct an exact sequence 0 → 𝑀 →
𝐼0 → 𝐼1 → ⋯ with each 𝐼𝑞 injective, by successively embedding the cokernels. Set

R𝑛𝐺(𝑀) = H𝑛(𝐺(𝐼•)), 𝑛 ≥ 0.

For a morphism 𝑓 ∶ 𝑀 → 𝑁 , choose a chain map ̃𝑓 between projective resolutions lifting 𝑓
and define L𝑛𝐹(𝑓) = H𝑛(𝐹( ̃𝑓)). Dually, choose a cochain map ̂𝑓 between injective resolutions
extending 𝑓 and define R𝑛𝐺(𝑓) = H𝑛(𝐺( ̂𝑓)). These assignments define functors L𝑛𝐹,R𝑛𝐺 ∶ 𝒜 →
ℬ; their well-definedness is proved in Proposition 3.1.14. For a cochain complex, H𝑛 means
the kernel of the differential out of degree 𝑛 modulo the image of the differential into degree
𝑛.
Proposition 3.1.14. These constructions give functors independent of the resolutions up
to canonical natural isomorphism. There are natural isomorphisms L0𝐹 ≅ 𝐹 and R0𝐺 ≅ 𝐺. For
𝑛 > 0, L𝑛𝐹(𝑃 ) = 0 for projective 𝑃 and R𝑛𝐺(𝐼) = 0 for injective 𝐼.
Proof. The comparison theorem and its dual lift maps of objects to maps of resolutions u-
niquely up to chain or cochain homotopy. Additive functors preserve the homotopy equations,
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so their induced homology maps are unique and respect identities and composition. Compar-
ing identity lifts between two resolutions gives mutually inverse isomorphisms; uniqueness
shows their compatibility with a third resolution. Right exactness identifies the cokernel of
𝐹(𝑃1) → 𝐹(𝑃0) with 𝐹(𝑀). Left exactness identifies the kernel of 𝐺(𝐼0) → 𝐺(𝐼1) with 𝐺(𝑀).
Finally use the resolution concentrated in degree zero when the object is itself projective or
injective, respectively.

Lemma 3.1.15. Let 0 → 𝑀 ′ → 𝑀 → 𝑀″ → 0 be exact in an abelian category. Given projective
resolutions 𝑃 ′

• → 𝑀 ′ and 𝑃 ″
• → 𝑀″, there is a projective resolution 𝑃• → 𝑀 fitting into a

degreewise split exact sequence 0 → 𝑃 ′
• → 𝑃• → 𝑃 ″

• → 0. Dually, injective resolutions of 𝑀 ′

and 𝑀″ extend to a degreewise split exact sequence 0 → 𝐼 ′• → 𝐼• → 𝐼″• → 0 resolving the given
sequence.

Proof. Start with (𝐾′
0, 𝐾0, 𝐾″

0 ) = (𝑀 ′, 𝑀, 𝑀″). Inductively suppose 0 → 𝐾′
𝑛

𝑖𝑛−→ 𝐾𝑛
𝜋𝑛−→ 𝐾″

𝑛 → 0
is exact. The chosen end resolutions give epimorphisms 𝑒′

𝑛 ∶ 𝑃 ′
𝑛 → 𝐾′

𝑛 and 𝑒″
𝑛 ∶ 𝑃 ″

𝑛 → 𝐾″
𝑛 with

kernels 𝐾′
𝑛+1 and 𝐾″

𝑛+1. Projectivity gives a lift 𝑡𝑛 ∶ 𝑃 ″
𝑛 → 𝐾𝑛 of 𝑒″

𝑛. Set 𝑃𝑛 = 𝑃 ′
𝑛 ⊕ 𝑃 ″

𝑛 and
𝑒𝑛 = (𝑖𝑛𝑒′

𝑛, 𝑡𝑛). Then
0 𝑃 ′

𝑛 𝑃 ′
𝑛 ⊕ 𝑃 ″

𝑛 𝑃 ″
𝑛 0

0 𝐾′
𝑛 𝐾𝑛 𝐾″

𝑛 0

𝑒′
𝑛 𝑒𝑛 𝑒″

𝑛

𝑖𝑛 𝜋𝑛

commutes. The map 𝑒𝑛 is epi: if 𝑢𝑒𝑛 = 0, then 𝑢𝑖𝑛 = 0, so 𝑢 = 𝑣𝜋𝑛; now 𝑣𝑒″
𝑛 = 𝑢𝑡𝑛 = 0 forces

𝑣 = 0. Put 𝐾𝑛+1 = ker 𝑒𝑛. To verify the next exact sequence, write 𝑗″
𝑛+1 ∶ 𝐾″

𝑛+1 ↪ 𝑃 ″
𝑛 and factor

𝑡𝑛𝑗″
𝑛+1 = 𝑖𝑛ℎ𝑛. The kernel universal property identifies 𝐾𝑛+1 → 𝐾″

𝑛+1 with the pullback of 𝑒′
𝑛

along −ℎ𝑛. It is therefore epi by Lecture 1, Lemma 1.2.11, and its kernel is 𝐾′
𝑛+1. Thus

0 ⟶ 𝐾′
𝑛+1 ⟶ 𝐾𝑛+1 ⟶ 𝐾″

𝑛+1 ⟶ 0
is exact, completing the induction. If 𝑗𝑛 ∶ 𝐾𝑛 ↪ 𝑃𝑛−1 is the kernel inclusion, define 𝑑𝑛 = 𝑗𝑛𝑒𝑛
for 𝑛 ≥ 1, with augmentation 𝑒0. The equality 𝑒𝑛−1𝑗𝑛 = 0 gives 𝑑2 = 0; monicity of 𝑗𝑛 and
epimorphicity of 𝑒𝑛+1 give ker 𝑑𝑛 = 𝐾𝑛+1 = im 𝑑𝑛+1 inside 𝑃𝑛. The construction of the kernel
maps makes inclusion and projection chain maps, and the objects 𝑃𝑛 are projective.
For the dual, apply this proof in the opposite abelian category, where injectives are projec-

tives. Explicitly, at stage 𝑛 take 0 → 𝐶′𝑛 𝑖𝑛
−→ 𝐶𝑛 𝜋𝑛

−→ 𝐶″𝑛 → 0, starting with the given sequence.
The end resolutions supply injections 𝑎′𝑛 ∶ 𝐶′𝑛 → 𝐼 ′𝑛 and 𝑎″𝑛 ∶ 𝐶″𝑛 → 𝐼″𝑛. Extend 𝑎′𝑛 to
𝑠𝑛 ∶ 𝐶𝑛 → 𝐼 ′𝑛, put 𝐼𝑛 = 𝐼 ′𝑛 ⊕ 𝐼″𝑛, and set

𝑎𝑛 = (𝑠𝑛, 𝑎″𝑛𝜋𝑛) ∶ 𝐶𝑛 ⟶ 𝐼 ′𝑛 ⊕ 𝐼″𝑛.
This is monic; the dual of the kernel argument proves that its cokernel fits into 0 → 𝐶′𝑛+1 →
𝐶𝑛+1 → 𝐶″𝑛+1 → 0. With 𝑞𝑛 ∶ 𝐼𝑛 → 𝐶𝑛+1 the cokernel map, the differentials 𝑑𝑛 = 𝑎𝑛+1𝑞𝑛 give
the asserted exact resolutions and commuting maps. Thus the dual uses precisely the proved
induction with arrows reversed.
These constructions also lift a morphism of short exact sequences. At each projective stage

first lift the two end maps. The discrepancy on 𝑃 ″
𝑛 between the desired middle map and the

chosen end lift lands in the target 𝐾′
𝑛; lift it through the target 𝑃 ′

𝑛 ↠ 𝐾′
𝑛 and add it as the off-

diagonal component. This gives a commuting diagram and hence maps on the next kernels.
The dual argument applies to injectives. The comparison theorem makes the induced derived
maps independent of these choices, so the resulting long exact sequences are natural.

Remark 3.1.16. Lemma 3.1.15 resolves a short exact sequence by a degreewise split short
exact sequence of projective resolutions. Additivity preserves each splitting, so applying 𝐹
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and taking homology gives

⋯ → L1𝐹(𝑀) → L1𝐹(𝑀″) → 𝐹(𝑀 ′) → 𝐹(𝑀) → 𝐹(𝑀″) → 0.
The dual construction with injectives gives

0 → 𝐺(𝑀 ′) → 𝐺(𝑀) → 𝐺(𝑀″) → R1𝐺(𝑀 ′) → R1𝐺(𝑀) → ⋯ .
In particular, an exact sequence 0 → 𝐾 → 𝑃 → 𝑀 → 0 with 𝑃 projective gives L𝑛+1𝐹(𝑀) ≅
L𝑛𝐹(𝐾) for 𝑛 ≥ 1; an exact sequence 0 → 𝑀 → 𝐼 → 𝐶 → 0 with 𝐼 injective gives R𝑛+1𝐺(𝑀) ≅
R𝑛𝐺(𝐶) for 𝑛 ≥ 1. These are the dimension-shifting isomorphisms.

3.2 Tor and the Failure of Exactness

3.2.1 Definition and Computation of Tor
Again let 𝑅 be commutative. Tensoring the injection 2 ∶ ℤ → ℤ with ℤ/2ℤ gives the zero
map ℤ/2ℤ → ℤ/2ℤ, which is not injective. Tensor products preserve cokernels but can fail to
preserve kernels.

Definition 3.2.1. Choose a projective resolution 𝑃• → 𝑀 . Define

Tor𝑅
𝑖 (𝑀, 𝑁) = H𝑖(𝑃• ⊗𝑅 𝑁) = ker(𝜕𝑖 ⊗ id𝑁)

im(𝜕𝑖+1 ⊗ id𝑁) (𝑖 ≥ 0),

where the differential out of degree zero is zero. These are 𝑅-modules. Right exactness gives

Tor𝑅
0 (𝑀, 𝑁) ≅ 𝑀 ⊗𝑅 𝑁.

The comparison theorem makes these groups independent of the resolution up to canonical
isomorphism: a chain homotopy remains a chain homotopy after tensoring. Lifting maps of 𝑀
gives functoriality in the first variable; tensoring maps of 𝑁 gives functoriality in the second.
Thus Tor is covariant in both variables.
For a free resolution 𝑃𝑖 = ⨁𝜆∈Λ𝑖

𝑅, the computation is completely explicit:

⋯ ⟶ ⨁
𝜆∈Λ2

𝑁
(𝜕2)𝑁−−−→ ⨁

𝜆∈Λ1

𝑁
(𝜕1)𝑁−−−→ ⨁

𝜆∈Λ0

𝑁 ⟶ 0.

Use the same coefficient matrices as in the free resolution, now acting on direct sums of 𝑁 ;
take kernels modulo images. A presentation by itself computes Tor𝑅

0 (𝑀, 𝑁), while Tor𝑅
1 (𝑀, 𝑁)

generally requires the next map.

Example 3.2.2. Suppose multiplication by 𝑎 ∈ 𝑅 is injective on 𝑅. Then 0 → 𝑅 𝑎−→ 𝑅 →
𝑅/(𝑎) → 0 is a free resolution. Writing 𝑁[𝑎] = {𝑛 ∈ 𝑁 ∶ 𝑛𝑎 = 0}, we obtain

Tor𝑅
0 (𝑅/(𝑎), 𝑁) = 𝑁/𝑁𝑎, Tor𝑅

1 (𝑅/(𝑎), 𝑁) = 𝑁[𝑎], Tor𝑅
𝑖 (𝑅/(𝑎), 𝑁) = 0 (𝑖 ≥ 2).

In particular, for 𝑎, 𝑏 > 0, Torℤ
1(ℤ/𝑎ℤ, ℤ/𝑏ℤ) ≅ ℤ/gcd(𝑎, 𝑏)ℤ. The kernel description is natural;

an identification with a standard cyclic group involves a choice of generator.

Example 3.2.3. For the matrix in Lecture 2, Example 2.3.8, det𝜙 = 12 ≠ 0, so 𝜙 ∶ ℤ2 → ℤ2

is injective. It therefore gives a length-one free resolution of 𝑀 . Modulo four, 𝜙 ∶ (ℤ/4ℤ)2 →
(ℤ/4ℤ)2 acts by (𝑎, 𝑏) ↦ (2𝑎, 2𝑏), whose kernel is {0, 2}2. Thus

Torℤ
1(𝑀, ℤ/4ℤ) ≅ (ℤ/2ℤ)2, Torℤ

𝑖 (𝑀, ℤ/4ℤ) = 0 (𝑖 ≥ 2).
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Indeed, 𝜙(𝑎, 𝑏) = 0 over ℤ implies 2𝑎 = 0, hence 𝑎 = 0, and then 6𝑏 = 0, hence 𝑏 = 0. The

tensor complex is 0 → (ℤ/4ℤ)2 (2𝑎,2𝑏)
−−−−→ (ℤ/4ℤ)2 → 0, in degrees one and zero. A degree-one cycle

has each coordinate either zero or two. There is no degree-two term and hence no nonzero
degree-one boundary. The map (ℤ/2ℤ)2 → (ℤ/4ℤ)2 given by ( ̄𝑎, 𝑏̄) ↦ (2𝑎, 2𝑏) identifies (ℤ/2ℤ)2

with this kernel. In degree zero the cokernel was computed in Lecture 2, Example 2.3.8.

Example 3.2.4. Let 𝑅 = 𝑘[𝜀]/(𝜀2) for a field 𝑘, and let 𝐾 = 𝑅/(𝜀). Since the kernel and image
of multiplication by 𝜀 are both (𝜀),

⋯ 𝜀−→ 𝑅 𝜀−→ 𝑅 𝜀−→ 𝑅 ⟶ 𝐾 ⟶ 0

is a free resolution. To check this directly, write an element of 𝑅 uniquely as 𝑎 + 𝑏𝜀. Multi-
plication by 𝜀 sends it to 𝑎𝜀, so its kernel and image are both 𝑘𝜀. The augmentation has the
same kernel. Since 𝐾𝜀 = 0, tensoring gives one copy of 𝑘 in each nonnegative degree and
zero differential. Every vector is a cycle and the only boundary is zero, so Tor𝑅

𝑖 (𝐾, 𝐾) ≅ 𝑘 for
every 𝑖 ≥ 0. The non-zero-divisor hypothesis in Example 3.2.2 cannot be dropped.

3.2.2 Flatness and Long Exact Sequences

Definition 3.2.5. A module 𝐹 is flat if − ⊗𝑅 𝐹 is exact. Since tensoring is right exact, this
means that it preserves injections. Free modules are flat because tensoring with a free mod-
ule is a direct sum of copies of the original sequence; direct sums of exact sequences of
modules are exact. Direct summands of flat modules are flat, so projective modules are flat.

Theorem 3.2.6. If 𝑃• → 𝑀 and 𝑄• → 𝑁 are projective resolutions, there are natural isomor-
phisms

H𝑖(𝑃• ⊗𝑅 𝑁) ≅ H𝑖(𝑀 ⊗𝑅 𝑄•).
Consequently Tor𝑅

𝑖 (𝑀, 𝑁) ≅ Tor𝑅
𝑖 (𝑁, 𝑀) naturally.

Proof. Form the first-quadrant double complex 𝑃𝑝 ⊗𝑅 𝑄𝑞 and its total complex

𝑇𝑛 = ⨁
𝑝+𝑞=𝑛

𝑃𝑝 ⊗𝑅 𝑄𝑞, 𝜕(𝛼 ⊗ 𝛽) = 𝜕𝑃 𝛼 ⊗ 𝛽 + (−1)𝑝𝛼 ⊗ 𝜕𝑄𝛽.

Write 𝜕ℎ = 𝜕𝑃 ⊗ id and 𝜕𝑣 = id⊗𝜕𝑄, so the total differential on column 𝑝 is 𝜕ℎ +(−1)𝑝𝜕𝑣. The sign
makes the two mixed terms in 𝜕2 cancel. Since 𝑃𝑝 is flat, each augmented column is exact,
with degree-zero homology 𝑃𝑝⊗𝑅 𝑁 . Similarly, each augmented row is exact, with degree-zero
homology 𝑀 ⊗𝑅 𝑄𝑞.
Write 𝜂 ∶ 𝑄0 → 𝑁 for the resolution augmentation and 𝑢 ∶ 𝑇 → 𝑃• ⊗𝑅 𝑁 for the induced total-

complex augmentation. In degree 𝑛 it is induced by id𝑃𝑛
⊗ 𝜂 on the summand with 𝑞 = 0 and is

zero on the other summands. It is a degreewise surjective chain map. Its kernel is the total
complex of the double complex obtained by replacing the bottom term of column 𝑝 by

𝐾𝑝,0 = ker(𝑃𝑝 ⊗𝑅 𝑄0 ⟶ 𝑃𝑝 ⊗𝑅 𝑁)

and retaining 𝐾𝑝,𝑞 = 𝑃𝑝 ⊗𝑅 𝑄𝑞 for 𝑞 > 0. Each resulting column is exact, including at degree
zero; the horizontal differential preserves these kernels.
Let 𝜁 be a total cycle of degree 𝑛 in this kernel, and choose its largest nonzero column index

𝑝. Put 𝑞 = 𝑛 − 𝑝. The cycle equation in bidegree (𝑝, 𝑞 − 1) says that the vertical differential of
𝜁𝑝,𝑞 is zero, since the component in column 𝑝 +1 vanishes. When 𝑞 = 0, the vertical differential
out of the bottom term is zero by definition. Column exactness gives 𝜔 ∈ 𝐾𝑝,𝑞+1 with

𝜕𝑣𝜔 = (−1)𝑝𝜁𝑝,𝑞.
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The total boundary of 𝜔 has component 𝜁𝑝,𝑞 in column 𝑝 and its only other possible component
in column 𝑝 − 1. Subtract it from 𝜁. Repeating strictly decreases the largest nonzero column
index until the cycle is zero. Thus every cycle in ker𝑢 bounds. The long exact sequence of
0 → ker𝑢 → 𝑇 → 𝑃• ⊗𝑅 𝑁 → 0 proves that 𝑢 is a quasi-isomorphism.
For 𝑣 ∶ 𝑇 → 𝑀 ⊗𝑅 𝑄•, replace the leftmost term of each row by the kernel of its augmentation.

These rows are exact. Eliminate a total cycle starting with its largest row index 𝑞, choosing
a horizontal primitive. Its total boundary has the prescribed component in that row and its
only other possible component in row 𝑞 − 1, with the sign already specified in the total differ-
ential. The same finite induction proves that ker 𝑣 is acyclic. Both augmentations commute
with comparison maps of resolutions, so their homology isomorphisms are natural. Taking
homology gives the first assertion, and interchanging the tensor factors gives symmetry.

Theorem 3.2.7. For a short exact sequence 0 → 𝑁 ′ → 𝑁 → 𝑁″ → 0, there is a natural long
exact sequence. For 𝑖 ≥ 1, five consecutive terms are

Tor𝑅
𝑖 (𝑀, 𝑁 ′) → Tor𝑅

𝑖 (𝑀, 𝑁) → Tor𝑅
𝑖 (𝑀, 𝑁″) 𝛿−→ Tor𝑅

𝑖−1(𝑀, 𝑁 ′) → Tor𝑅
𝑖−1(𝑀, 𝑁).

Using the identification Tor𝑅
0 (𝑀, 𝑁) ≅ 𝑀 ⊗𝑅 𝑁 , its final five terms are

Tor𝑅
1 (𝑀, 𝑁″) 𝛿−→ 𝑀 ⊗𝑅 𝑁 ′ → 𝑀 ⊗𝑅 𝑁 → 𝑀 ⊗𝑅 𝑁″ → 0.

There is also a long exact sequence in the first variable. A module 𝐹 is flat if and only if
Tor𝑅

1 (𝑀, 𝐹) = 0 for every 𝑀 ; in that case all Tor𝑅
𝑖 (𝑀, 𝐹) vanish for 𝑖 > 0.

Proof. Each term of a projective resolution of 𝑀 is flat, so tensoring the short exact se-
quence gives a degreewise short exact sequence of chain complexes. Its homology long exact
sequence is the displayed one. Theorem 3.2.6 gives the sequence in the first variable.
If 𝐹 is flat, tensoring the augmented resolution of 𝑀 preserves exactness, so all positive

homology vanishes. Conversely, apply the long exact sequence in the first variable to 0 →
𝐴 → 𝐵 → 𝐶 → 0. Vanishing of Tor𝑅

1 (𝐶, 𝐹) implies that 𝐴 ⊗𝑅 𝐹 → 𝐵 ⊗𝑅 𝐹 is injective. This is
flatness.

Remark 3.2.8. For a particular short exact sequence, the kernel of 𝑀 ⊗𝑅 𝑁 ′ → 𝑀 ⊗𝑅 𝑁 is the
image of the connecting map from Tor𝑅

1 (𝑀, 𝑁″). That connecting map need not be injective.
Thus the kernel is a quotient of this Tor group, not generally the whole group.

3.3 Cochain Complexes and Ext Groups

3.3.1 Cochain Complexes and Morphism Functors
From now on, 𝑅 is an arbitrary unital ring and all modules are right 𝑅-modules. A cochain
complex uses an increasing differential. No commutativity is needed for its definition or for
the usual exact-sequence arguments in 𝑅-modules.

Definition 3.3.1. A cochain complex 𝐴• consists of maps 𝜕𝑛
𝐴 ∶ 𝐴𝑛 → 𝐴𝑛+1 with 𝜕𝑛+1

𝐴 𝜕𝑛
𝐴 = 0. Its

cocycles, coboundaries, and cohomology are

𝑍𝑛(𝐴) = ker 𝜕𝑛
𝐴, 𝐵𝑛(𝐴) = im 𝜕𝑛−1

𝐴 , H𝑛(𝐴) = 𝑍𝑛(𝐴)/𝐵𝑛(𝐴).

A cochain map 𝑓 ∶ 𝐴 → 𝐵 satisfies 𝜕𝑛
𝐵𝑓𝑛 = 𝑓𝑛+1𝜕𝑛

𝐴. It induces a map on cohomology. It is a
quasi-isomorphism when those maps are isomorphisms for all 𝑛.
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Reindexing a chain complex by 𝐴𝑛 = 𝐴−𝑛 and 𝜕𝑛 = 𝜕−𝑛 gives a cochain complex, with H𝑛(𝐴•) =
H−𝑛(𝐴•). By contrast, applying the contravariant morphism functor to a chain complex re-
verses its arrows and gives cochains in nonnegative degrees; that is the construction used
for Ext.

Definition 3.3.2. A cochain homotopy from 𝑔 to 𝑓 is a family ℎ𝑛 ∶ 𝐴𝑛 → 𝐵𝑛−1 with

𝑓𝑛 − 𝑔𝑛 = 𝜕𝑛−1
𝐵 ℎ𝑛 + ℎ𝑛+1𝜕𝑛

𝐴.

On cocycles the difference is a coboundary, so homotopic maps induce the same cohomology
maps. The shift is 𝐴[𝑟]𝑛 = 𝐴𝑛+𝑟 with differential (−1)𝑟𝜕𝑛+𝑟

𝐴 . In particular, H𝑛(𝐴[𝑟]) = H𝑛+𝑟(𝐴).
For a cochain map 𝑓 ∶ 𝐴 → 𝐵, its cone is

Cone(𝑓)𝑛 = 𝐵𝑛 ⊕ 𝐴𝑛+1, 𝜕𝑛 = (𝜕𝑛
𝐵 𝑓𝑛+1

0 −𝜕𝑛+1
𝐴

) .

The chain-map equation makes this differential square to zero. Inclusion of the first summand
and projection onto the second give 0 → 𝐵 → Cone(𝑓) → 𝐴[1] → 0.

Proposition 3.3.3. A degreewise short exact sequence 0 → 𝐴 𝜄−→ 𝐵
𝜌
−→ 𝐶 → 0 of cochain

complexes gives a long exact sequence. Five consecutive terms are

H𝑛(𝐴) → H𝑛(𝐵) → H𝑛(𝐶) 𝛿−→ H𝑛+1(𝐴) → H𝑛+1(𝐵).

For a cocycle 𝜁 ∈ 𝐶𝑛, choose 𝛽 ∈ 𝐵𝑛 with 𝜌𝛽 = 𝜁 and write 𝜕𝐵𝛽 = 𝜄𝛼. Then 𝛿[𝜁] = [𝛼].
Proof. The equation 𝜌𝜕𝐵𝛽 = 𝜕𝐶𝜁 = 0 gives 𝛼, and 𝜄𝜕𝐴𝛼 = 𝜕2

𝐵𝛽 = 0 makes it a cocycle. Changing
𝛽 by 𝜄𝛼′ changes 𝛼 by 𝜕𝐴𝛼′; changing 𝜁 by a coboundary and lifting its primitive does not
change the resulting cohomology class. The usual kernel–image chase, or the snake lemma
on kernels and cokernels of consecutive differentials, gives exactness. Equivalently, reindex
all three complexes as chain complexes and apply the homology long exact sequence; its
connecting map is exactly this lift-and-differentiate formula.

Definition 3.3.4. For a chain complex 𝑃• in nonnegative degrees and a module 𝑁 , put

MorMod𝑅
(𝑃•, 𝑁)𝑛 = MorMod𝑅

(𝑃𝑛, 𝑁), 𝜕𝑛(𝜙) = 𝜙 ∘ 𝜕𝑛+1.

Thus the arrows run as follows:

0 → MorMod𝑅
(𝑃0, 𝑁) 𝜕0

−→ MorMod𝑅
(𝑃1, 𝑁) 𝜕1

−→ MorMod𝑅
(𝑃2, 𝑁) → ⋯ .

The relation 𝜕𝑛+1𝜕𝑛 = 0 follows from 𝜕𝑛+1𝜕𝑛+2 = 0. For general 𝑅, this is a cochain complex
of abelian groups, canonically of modules over the center 𝑍(𝑅). It is not generally a complex
of right 𝑅-modules: multiplying the values of an 𝑅-linear map on the right by a noncentral
element need not give an 𝑅-linear map.

Remark 3.3.5. Write Ch•(Mod𝑅) for cochain complexes of right 𝑅-modules. For cochain
complexes 𝐴, 𝐵, define the mapping complex of abelian groups

MorCh•(Mod𝑅)(𝐴, 𝐵)𝑛 = ∏
𝑝
MorMod𝑅

(𝐴𝑝, 𝐵𝑝+𝑛), (𝜕𝑓)𝑝 = 𝜕𝑝+𝑛
𝐵 𝑓𝑝 − (−1)𝑛𝑓𝑝+1𝜕𝑝

𝐴.

Its degree-zero cocycles are cochain maps, and its degree-zero coboundaries are nullhomo-
topic maps. If 𝐴−𝑛 = 𝑃𝑛 and 𝐵 = 𝑁 is concentrated in degree zero, this convention gives
𝜕𝜙 = (−1)𝑛+1𝜙𝜕𝑛+1. Multiplication in degree 𝑛 by (−1)𝑛(𝑛+1)/2 identifies the unsigned complex
in Definition 3.3.4 with this signed convention. We use the unsigned complex for the Ext
computations below.
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3.3.2 Ext Groups, Variance, and Computation
The ring 𝑅 remains arbitrary. Projective resolutions of right 𝑅-modules exist by Section 3.1.

Definition 3.3.6. For right modules 𝑀, 𝑁 , choose a projective resolution 𝑃• → 𝑀 and define

Ext𝑛
𝑅(𝑀, 𝑁) = H𝑛(MorMod𝑅

(𝑃•, 𝑁)) = ker(𝜕𝑛)
im(𝜕𝑛−1) (𝑛 ≥ 0),

where the image in degree zero is zero. These are abelian groups with a natural 𝑍(𝑅)-module
structure; if 𝑅 is an algebra over a field 𝑘, they are 𝑘-vector spaces. When 𝑅 is commutative,
they are naturally 𝑅-modules.
The comparison theorem again proves independence of resolutions. More explicitly, if 𝑓, 𝑔 ∶
𝑃• → 𝑄• satisfy 𝑓 −𝑔 = 𝜕𝑄ℎ+ℎ𝜕𝑃 , precomposition gives cochain-homotopic maps: on 𝜙 ∶ 𝑄𝑛 → 𝑁
use the homomorphism MorMod𝑅

(𝑄𝑛, 𝑁) → MorMod𝑅
(𝑃𝑛−1, 𝑁) given by 𝜙 ↦ 𝜙ℎ𝑛−1. Thus Ext is

contravariant in 𝑀 and covariant in 𝑁 . In degree zero, a map 𝑃0 → 𝑁 lies in ker 𝜕0 exactly
when it kills im 𝜕1, so it factors through 𝑀 and

Ext0
𝑅(𝑀, 𝑁) ≅ MorMod𝑅

(𝑀, 𝑁).

For an arbitrary free resolution 𝑃𝑛 = ⨁𝜆∈Λ𝑛
𝑅, note the essential change from tensor prod-

ucts:
MorMod𝑅

( ⨁
𝜆∈Λ𝑛

𝑅, 𝑁) ≅ ∏
𝜆∈Λ𝑛

𝑁.

Maps out of a free direct sum may have arbitrary values on its basis, so this is a product, not
a direct sum. If 𝜕𝑛+1(𝑒𝜆′) = ∑𝜆∈Λ𝑛

𝑒𝜆𝑟𝜆𝜆′ for 𝜆′ ∈ Λ𝑛+1, with coefficients on the right, then

𝜕𝑛((𝑛𝜆)𝜆∈Λ𝑛
) = ⎛⎜

⎝
∑

𝜆∈Λ𝑛

𝑛𝜆𝑟𝜆𝜆′⎞⎟
⎠𝜆′∈Λ𝑛+1

.

Every sum is finite because each column of the differential has finite support. Compute Ext by
taking the kernel of this map modulo the image of the preceding map. Over a commutative
ring with finite free terms, these are the transposed differential matrices acting on finite
powers of 𝑁 . For a noncommutative ring, the displayed order of the coefficients specifies the
maps unambiguously.

Proposition 3.3.7. For 0 → 𝑁 ′ → 𝑁 → 𝑁″ → 0, there is a natural long exact sequence. For
𝑛 ≥ 0, five consecutive terms are

Ext𝑛
𝑅(𝑀, 𝑁 ′) → Ext𝑛

𝑅(𝑀, 𝑁) → Ext𝑛
𝑅(𝑀, 𝑁″) 𝛿−→ Ext𝑛+1

𝑅 (𝑀, 𝑁 ′) → Ext𝑛+1
𝑅 (𝑀, 𝑁).

Recall that Ext0
𝑅(𝑀, 𝑁) ≅ MorMod𝑅

(𝑀, 𝑁). The initial map MorMod𝑅
(𝑀, 𝑁 ′) → MorMod𝑅

(𝑀, 𝑁) is
injective. If 𝑃 is projective, Ext𝑛

𝑅(𝑃 , 𝑁) = 0 for 𝑛 > 0. Conversely, if Ext1
𝑅(𝑀, 𝑁) = 0 for every

𝑁 , then 𝑀 is projective.
Proof. Apply MorMod𝑅

(𝑃𝑖, −) to the short exact sequence. Each resulting sequence is exact
by projectivity, so Proposition 3.3.3, applied in abelian groups, gives the displayed sequence.
A projective 𝑃 has a resolution concentrated in degree zero, proving its higher vanishing.
For the converse, take a free surjection 𝐹 → 𝑀 with kernel 𝐾. The exact sequence makes
MorMod𝑅

(𝑀, 𝐹) → MorMod𝑅
(𝑀, 𝑀) surjective because Ext1

𝑅(𝑀, 𝐾) = 0. A preimage of id𝑀 splits
𝐹 → 𝑀 , so 𝑀 is projective.
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There is also a long exact sequence in the first, contravariant variable. For 0 → 𝑀 ′ → 𝑀 →
𝑀″ → 0 and 𝑛 ≥ 0, five consecutive terms are

Ext𝑛
𝑅(𝑀″, 𝑁) → Ext𝑛

𝑅(𝑀, 𝑁) → Ext𝑛
𝑅(𝑀 ′, 𝑁) 𝛿−→ Ext𝑛+1

𝑅 (𝑀″, 𝑁) → Ext𝑛+1
𝑅 (𝑀, 𝑁).

Under the same degree-zero identification, the initial map MorMod𝑅
(𝑀″, 𝑁) → MorMod𝑅

(𝑀, 𝑁)
is injective. Apply Lemma 3.1.15 to obtain compatible resolutions with 𝑃𝑖 = 𝑃 ′

𝑖 ⊕ 𝑃 ″
𝑖 . Applying

MorMod𝑅
(−, 𝑁) gives a degreewise split short exact sequence of cochain complexes in the re-

verse order. Proposition 3.3.3 gives the displayed sequence, and the compatible comparison
maps in the horseshoe proof give its naturality.

3.3.3 Extensions as Degree-One Classes

Theorem 3.3.8. The group Ext1
𝑅(𝑀, 𝑁) classifies short exact sequences of right 𝑅-modules

0 ⟶ 𝑁 𝜄−→ 𝐸
𝜌
−→ 𝑀 ⟶ 0 (10)

up to isomorphisms of sequences that are the identity on 𝑁 and 𝑀 . The zero class consists
precisely of the split extensions.

Proof. Choose 0 → 𝐾
𝚥

−→ 𝑃0 → 𝑀 → 0 with 𝑃0 projective. The definition of Ext from a
resolution identifies

Ext1
𝑅(𝑀, 𝑁) ≅ coker(MorMod𝑅

(𝑃0, 𝑁) ⟶ MorMod𝑅
(𝐾, 𝑁)). (11)

Indeed, a map 𝑃1 → 𝑁 is a cocycle exactly when it kills im(𝜕2), so it factors through 𝑃1/ im(𝜕2) ≅
𝐾.
Given 𝛼 ∶ 𝐾 → 𝑁 , form the quotient

𝐸𝛼 = (𝑁 ⊕ 𝑃0)/ im(−𝛼, 𝚥).

The construction fits into the commutative diagram with exact rows and columns

0 0 𝐾 𝐾 0

0 𝑁 𝑁 ⊕ 𝑃0 𝑃0 0

0 𝑁 𝐸𝛼 𝑀 0

0 0 0.

(−𝛼,𝚥) 𝚥

𝜄 pr2

𝑞 𝜖

𝜄𝛼 𝜋𝛼

The middle column exhibits 𝐸𝛼 = coker(𝐾
(−𝛼,𝚥)
−−−−→ 𝑁 ⊕ 𝑃0). Here 𝜄 ∶ 𝑁 → 𝑁 ⊕ 𝑃0 satisfies

𝜄(𝑎) = (𝑎, 0); 𝑞(𝑎, 𝑝) = [(𝑎, 𝑝)], 𝜄𝛼(𝑎) = [(𝑎, 0)], and 𝜋𝛼([(𝑎, 𝑝)]) = 𝜖(𝑝). Thus the trivial extension of 𝑃0
by 𝑁 maps surjectively onto the desired extension of 𝑀 by 𝑁 . The map 𝜄𝛼 is injective because
𝚥 is injective. If 𝜖(𝑝) = 0, write 𝑝 = 𝚥(𝑘); then

[(𝑎, 𝑝)] = [(𝑎 + 𝛼(𝑘), 0)],
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which proves exactness at 𝐸𝛼.
Conversely, given an extension 0 → 𝑁 𝜄−→ 𝐸 → 𝑀 → 0, projectivity gives a lift 𝑠 ∶ 𝑃0 → 𝐸 of 𝜖.

There is a unique 𝛼 ∶ 𝐾 → 𝑁 with 𝑠𝚥 = 𝜄𝛼. The surjection

𝑁 ⊕ 𝑃0 ⟶ 𝐸, (𝑎, 𝑝) ⟼ 𝜄(𝑎) + 𝑠(𝑝)

has kernel im(−𝛼, 𝚥), so it identifies the given extension with the bottom row of the diagram.
Changing the lift replaces 𝛼 by 𝛼 + 𝛽𝚥 for some 𝛽 ∶ 𝑃0 → 𝑁 . Conversely, if 𝛼′ = 𝛼 + 𝛽𝚥, the

map 𝑁 ⊕ 𝑃0 → 𝑁 ⊕ 𝑃0 given by (𝑎, 𝑝) ↦ (𝑎 − 𝛽(𝑝), 𝑝) descends to an equivalence 𝐸𝛼 ≅ 𝐸𝛼′. An
equivalence of extensions also compares their lifts in exactly this way, so the equivalence
classes are precisely the displayed cokernel. Finally, 𝐸0 ≅ 𝑁 ⊕𝑀 , and a split extension admits
a lift with 𝛼 = 0. Hence the zero class corresponds precisely to split extensions.

The addition transported by this classification is the Baer sum: take the direct sum of two
extensions, pull back along the diagonal 𝑀 → 𝑀 ⊕ 𝑀 , and push out along addition 𝑁 ⊕ 𝑁 → 𝑁 .
In the description above, these operations replace the two maps 𝛼, 𝛽 ∶ 𝐾 → 𝑁 by 𝛼 + 𝛽.

3.4 Computations of Ext

3.4.1 An Explicit Noncommutative Ring

Example 3.4.1. Let 𝑘 be a field and

𝑅 = {(𝑎 𝑏
0 𝑐) ∶ 𝑎, 𝑏, 𝑐 ∈ 𝑘} , 𝑒1 = (1 0

0 0) , 𝑒2 = (0 0
0 1) , 𝑢 = (0 1

0 0) .

This ring is noncommutative: 𝑒1𝑢 = 𝑢 whereas 𝑢𝑒1 = 0. Define right modules 𝑆1 = 𝑆2 = 𝑘 as
vector spaces, with actions

𝜇 ⋅ (𝑎 𝑏
0 𝑐) = 𝜇𝑎 on 𝑆1, 𝜇 ⋅ (𝑎 𝑏

0 𝑐) = 𝜇𝑐 on 𝑆2.

The right ideals 𝑃1 = 𝑒1𝑅 and 𝑃2 = 𝑒2𝑅 are projective because 𝑅 = 𝑒1𝑅 ⊕ 𝑒2𝑅. They have bases
𝑒1, 𝑢 and 𝑒2, respectively. There is a projective resolution

0 ⟶ 𝑃2
𝜕−→ 𝑃1

𝜌
−→ 𝑆1 ⟶ 0, 𝜕(𝜁) = 𝑢𝜁, 𝜌(𝑎𝑒1 + 𝑏𝑢) = 𝑎. (12)

Left multiplication by 𝑢 is a map of right modules. It sends 𝑒2 to 𝑢, so it is injective with image
𝑘𝑢 = ker 𝜌.
For any right 𝑅-module 𝑁 , evaluation at 𝑒𝑖 gives

MorMod𝑅
(𝑒𝑖𝑅, 𝑁) ≅ 𝑁𝑒𝑖.

Indeed, 𝑓(𝑒𝑖) = 𝑓(𝑒𝑖)𝑒𝑖, and conversely 𝑛 ∈ 𝑁𝑒𝑖 determines 𝑓𝑛(𝑒𝑖𝑟) = 𝑛𝑟. This formula is well
defined: if 𝑒𝑖𝑟 = 𝑒𝑖𝑟′, then 𝑛(𝑟−𝑟′) = 𝑛𝑒𝑖(𝑟−𝑟′) = 0. Under these identifications, precomposition
with 𝜕 is

𝑁𝑒1 ⟶ 𝑁𝑒2, 𝑛 ⟼ 𝑛𝑢,
because 𝜕(𝑒2) = 𝑢 = 𝑒1𝑢. Thus the entire Ext computation is the two-term cochain complex

𝑁𝑒1
⋅𝑢−→ 𝑁𝑒2 in degrees 0, 1.
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Consequently
MorMod𝑅

(𝑆1, 𝑁) ≅ ker(⋅𝑢 ∶ 𝑁𝑒1 → 𝑁𝑒2),
Ext1

𝑅(𝑆1, 𝑁) ≅ 𝑁𝑒2/(𝑁𝑒1)𝑢,
Ext𝑛

𝑅(𝑆1, 𝑁) = 0 (𝑛 ≥ 2).
For 𝑁 = 𝑆2, the actions give 𝑆2𝑒1 = 0 and 𝑆2𝑒2 = 𝑘. Thus the cochain complex is 0 → 0 → 𝑘 → 0,
in degrees zero and one. Its degree-zero cohomology is zero, and its degree-one cohomology
is 𝑘/0 = 𝑘. Hence

Ext1
𝑅(𝑆1, 𝑆2) ≅ 𝑘.

For 𝑁 = 𝑆1, the complex instead is 0 → 𝑘 → 0 → 0, so MorMod𝑅
(𝑆1, 𝑆1) = 𝑘 and Ext1

𝑅(𝑆1, 𝑆1) = 0.
For 𝑁 = 𝑃1, we have 𝑃1𝑒1 = 𝑘𝑒1 and 𝑃1𝑒2 = 𝑘𝑢; the differential 𝑃1𝑒1 → 𝑃1𝑒2 given by 𝑎𝑒1 ↦ 𝑎𝑢
is an isomorphism, so both cohomology groups vanish. By contrast, 𝑆2 ≅ 𝑃2 is projective, so
Ext1

𝑅(𝑆2, 𝑆1) = 0. Unlike Tor over a commutative ring, Ext is not symmetric in its variables.
The resolution (12) itself, after identifying 𝑃2 with 𝑆2, is a nonsplit extension of 𝑆1 by 𝑆2. If

it had a section, the image 𝑣 of 1 ∈ 𝑆1 would satisfy 𝜌(𝑣) = 1, so 𝑣 = 𝑒1 + 𝑏𝑢 for some 𝑏 ∈ 𝑘. But
𝑢 acts trivially on 𝑆1, while 𝑣𝑢 = 𝑢 ≠ 0, contradicting linearity of the section.
More explicitly, the class 𝜆 ∈ 𝑘 corresponds to 𝐸𝜆 = 𝑘𝜉 ⊕ 𝑘𝜂 with

𝜉 (𝑎 𝑏
0 𝑐) = 𝑐𝜉, 𝜂 (𝑎 𝑏

0 𝑐) = 𝑎𝜂 + 𝑏𝜆𝜉.

Define 𝜄 ∶ 𝑆2 → 𝐸𝜆 by 𝜄(1) = 𝜉 and 𝜌 ∶ 𝐸𝜆 → 𝑆1 by 𝜌(𝜉) = 0, 𝜌(𝜂) = 1. The sequence 0 → 𝑆2
𝜄−→

𝐸𝜆
𝜌
−→ 𝑆1 → 0 has class 𝜆 under (11): the lift 𝑃1 → 𝐸𝜆 determined by 𝑒1 ↦ 𝜂 sends 𝜕(𝑒2) = 𝑢

to 𝜂𝑢 = 𝜆𝜉. It splits exactly when 𝜆 = 0; 𝐸1 ≅ 𝑃1 via 𝜉 ↦ 𝑢 and 𝜂 ↦ 𝑒1. Nonzero values
can give isomorphic middle modules while representing different extension classes, because
equivalence of extensions must fix both end modules.

3.4.2 Kernels and Cokernels for Cyclic Groups

Example 3.4.2. The free resolution 0 → ℤ 12−→ ℤ → ℤ/12ℤ → 0 is exact because multiplication
by 12 is injective and its cokernel is ℤ/12ℤ. Set 𝑁 = ℤ/8ℤ. Tensoring gives

0 ⟶ 𝑁 4−→ 𝑁 ⟶ 0 in chain degrees 1, 0.

The image is {0, 4}, and the kernel is {0, 2, 4, 6}. The quotient map 𝑁 → ℤ/4ℤ has kernel {0, 4};
hence ℤ/12ℤ ⊗ℤ 𝑁 ≅ ℤ/4ℤ. The map ℤ/4ℤ → 𝑁 , [𝑡]4 ↦ [2𝑡]8, is injective with image {0, 2, 4, 6}.
There is no incoming degree-two boundary, so it identifies Torℤ

1(ℤ/12ℤ, 𝑁) with ℤ/4ℤ. Higher
Tor vanishes.
Applying MorAb(−, 𝑁) reverses the arrows and gives

0 ⟶ 𝑁 4−→ 𝑁 ⟶ 0 in cochain degrees 0, 1.

ThusMorAb(ℤ/12ℤ, 𝑁) = {0, 2, 4, 6}, while Ext1
ℤ(ℤ/12ℤ, 𝑁) = 𝑁/{0, 4} ≅ ℤ/4ℤ. Higher Ext vanishes.

The same map is being used, but homological and cohomological grading put its kernel and
cokernel in different degrees.
For general 𝑎, 𝑏 > 0, put 𝑔 = gcd(𝑎, 𝑏), 𝑎 = 𝑔𝑎′, and 𝑏 = 𝑔𝑏′. The image of multiplication by 𝑎 on

ℤ/𝑏ℤ equals the subgroup generated by 𝑔, by Bézout’s identity. Its cokernel is therefore ℤ/𝑔ℤ.
For the kernel, 𝑏 ∣ 𝑎𝑐 is equivalent to 𝑏′ ∣ 𝑐, since gcd(𝑎′, 𝑏′) = 1. Its elements are the 𝑔 multiples
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of 𝑏′ modulo 𝑏. The map ℤ/𝑔ℤ → ℤ/𝑏ℤ given by [𝑡]𝑔 ↦ [𝑏′𝑡]𝑏 gives its cyclic-group identification.
This computes tensor, Tor, morphism groups, and Ext in the preceding manner.

Example 3.4.3. For 𝑀 = coker ( 2 0
4 6 ) and 𝑁 = ℤ/4ℤ, a homomorphism ℤ2 → 𝑁 is specified by

a row (𝑎, 𝑏). Precomposition with 𝜙 sends it to (2𝑎+4𝑏, 6𝑏). Equivalently, on column coordinates
the cochain differential is 𝜙T. Modulo four this is the map 𝑁2 → 𝑁2 given by (𝑎, 𝑏) ↦ (2𝑎, 2𝑏).
Its kernel is {0, 2}2, and its image is also {0, 2}2 in the next copy of 𝑁2. Consequently

MorAb(𝑀, 𝑁) ≅ (ℤ/2ℤ)2, Ext1
ℤ(𝑀, 𝑁) ≅ (ℤ/2ℤ)2,

and all higher groups vanish. The map defining Ext is the transposed map, even though in
this particular example reduction modulo four makes it coincide with the map used for Tor.

3.4.3 Computing Ext with Injective Resolutions
For a fixed right 𝑅-module 𝑀 , the functor MorMod𝑅

(𝑀, −) is left exact. Its right derived func-
tors are the Ext groups defined above.

Proposition 3.4.4. If 𝑃• → 𝑀 is a projective resolution and 0 → 𝑁 → 𝐼• is an injective
resolution, there are natural isomorphisms

H𝑛 MorMod𝑅
(𝑃•, 𝑁) ≅ H𝑛 MorMod𝑅

(𝑀, 𝐼•) = R𝑛 MorMod𝑅
(𝑀, −)(𝑁).

Proof. Use the first-quadrant double complex 𝐶𝑝,𝑞 = MorMod𝑅
(𝑃𝑝, 𝐼𝑞). Its horizontal differen-

tial 𝜕ℎ is precomposition with 𝜕𝑝+1, and its vertical differential 𝜕𝑣 is postcomposition with the
differential of 𝐼. These maps commute; on the total complex take 𝜕 = 𝜕ℎ +(−1)𝑝𝜕𝑣. Thus 𝜕2 = 0.
The total degree-𝑛 group is ⨁𝑝+𝑞=𝑛 𝐶𝑝,𝑞, a finite sum.
For fixed 𝑝, exactness of MorMod𝑅

(𝑃𝑝, −) makes the augmented column 0 → MorMod𝑅
(𝑃𝑝, 𝑁) →

𝐶𝑝,0 → 𝐶𝑝,1 → ⋯ exact. For fixed 𝑞, injectivity of 𝐼𝑞 makes the augmented row 0 →
MorMod𝑅

(𝑀, 𝐼𝑞) → 𝐶0,𝑞 → 𝐶1,𝑞 → ⋯ exact. Both augmentations are injective cochain map-
s into the total complex: the first occupies the row 𝑞 = 0, the second the column 𝑝 = 0.
Consider the quotient by the first. It is the total complex of the double complex with

𝐷𝑝,0 = 𝐶𝑝,0/MorMod𝑅
(𝑃𝑝, 𝑁), 𝐷𝑝,𝑞 = 𝐶𝑝,𝑞 (𝑞 > 0).

Its columns are exact, including injectivity of the differential out of degree zero. The horizon-
tal differential descends to these quotients.
For a total cocycle 𝜁 of degree 𝑛 in this quotient, choose its largest nonzero vertical degree

𝑞, and put 𝑝 = 𝑛−𝑞. Its component in bidegree (𝑝, 𝑞+1) under the total differential is (−1)𝑝𝜕𝑣𝜁𝑝,𝑞:
the other possible contribution has vertical degree 𝑞 + 1 before differentiation and vanishes.
Hence 𝜕𝑣𝜁𝑝,𝑞 = 0. If 𝑞 > 0, choose 𝜔 ∈ 𝐷𝑝,𝑞−1 with

𝜕𝑣𝜔 = (−1)𝑝𝜁𝑝,𝑞.

Subtracting 𝜕𝜔 removes that component and introduces a possible component only in verti-
cal degree 𝑞 − 1. Repeat. At 𝑞 = 0, injectivity of the bottom vertical differential makes the
remaining component zero. Thus the quotient total complex is acyclic. The cohomology long
exact sequence proves that the first augmentation is a quasi-isomorphism.
For the second augmentation take the quotient of 𝐶0,𝑞 by MorMod𝑅

(𝑀, 𝐼𝑞) instead. Its rows
are exact. Starting with the largest horizontal degree 𝑝, choose a horizontal primitive in
degree 𝑝 − 1; subtracting its total coboundary introduces a component only in horizontal
degree 𝑝 − 1. At 𝑝 = 0 the bottom horizontal differential is injective. This proves the other
quotient acyclic and the other augmentation a quasi-isomorphism. The two augmentation
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diagrams commute with comparison maps of resolutions. Their homology isomorphisms, and
therefore the resulting comparison, are natural.

Example 3.4.5. To compute Ext𝑛
ℤ(ℤ/𝑚ℤ, ℤ) for 𝑚 ≥ 2, use 0 → ℤ → ℚ → ℚ/ℤ → 0 from

Example 3.1.6. A homomorphism ℤ/𝑚ℤ → ℚ must send 1 to an element killed by 𝑚; the only
such rational number is zero. A homomorphism to ℚ/ℤ is instead determined by one of

0, 1
𝑚 + ℤ, 2

𝑚 + ℤ, … , 𝑚−1
𝑚 + ℤ.

The resulting cochain complex is 0 → 0 → ( 1
𝑚ℤ)/ℤ → 0, with its two terms in degrees zero and

one. Hence
MorAb(ℤ/𝑚ℤ, ℤ) = 0, Ext1

ℤ(ℤ/𝑚ℤ, ℤ) ≅ ℤ/𝑚ℤ,

and higher Ext vanishes. The projective-resolution calculation gives 0 → ℤ 𝑚−→ ℤ → 0, with the
same kernel zero and cokernel ℤ/𝑚ℤ. This checks the comparison by two distinct resolutions.

3.4.4 Comparing Tor and Ext Computations
For comparison with Section 3.2, suppose 𝑅 is commutative and 𝑎 is a non-zero-divisor. The
same resolution used there now gives

0 ⟶ 𝑁 𝑎−→ 𝑁 ⟶ 0 in cochain degrees 0, 1.

Hence MorMod𝑅
(𝑅/(𝑎), 𝑁) = 𝑁[𝑎], Ext1

𝑅(𝑅/(𝑎), 𝑁) = 𝑁/𝑁𝑎, and higher Ext vanishes. The kernel
and cokernel appear in the opposite degrees from the tensor computation. For the dual-
number example, applying MorMod𝑅

(−, 𝐾) makes every differential zero, so Ext𝑛
𝑅(𝐾, 𝐾) ≅ 𝑘 for

every 𝑛 ≥ 0.
The two procedures can be compared directly:

Tensor and Tor, 𝑅 commutative Morphism Groups and Ext, 𝑅 arbitrary
Resolution 𝑃• ↠ 𝑀 𝑃• ↠ 𝑀
Complex 𝑃• ⊗𝑅 𝑁 MorMod𝑅

(𝑃•, 𝑁)
Free term ⨁𝜆∈Λ 𝑅 ⨁𝜆∈Λ 𝑁 ∏Λ 𝑁

Degree zero 𝑀 ⊗𝑅 𝑁 MorMod𝑅
(𝑀, 𝑁)

Higher degrees H𝑖 = Tor𝑅
𝑖 (𝑀, 𝑁) H𝑖 = Ext𝑖

𝑅(𝑀, 𝑁)
Variance covariant in both contravariant, then covariant

In either computation, the central work is to construct enough of a resolution and then com-
pute a kernel modulo an image. A single presentation suffices for a tensor product; its higher
relations control Tor and Ext.
For further reading on tensor products and Tor, see [Stacks, Tensor Products, Tag 00CV;

Tor Groups and Flatness, Tag 00LY].
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